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FRESNEL'S SURFACE.
153
of the wave-surface the direction of vibration is that of the line joining the foot of the perpendicular and the point of contact (x, y, z).
The equation (18) leads to another geometrical definition of Fresnel's wave-surface. If through the centre of the ellipsoid reciprocal to the ellipsoid of elasticity (3), viz.,
a?la,* + y*l&+jp/&=l, ........................... (19)
a plane be drawn, and on the normal to this plane two lengths be marked off proportional to the axes of the elliptic section determined by the plane, the locus of the points thus obtained, the apsidal surface of (19), is the wave-surface (18).
Fully developed in integral powers of the coordinates, (18) takes the form (#2 + y'2 + zz) (a?x- + &y + cV) - a2 (ft2 + c2) a?
- 62 (c2 + a2) y2 - c~ (a2 + 62) Z* + a?b*cz = 0 ....... (20)
The section of (20) by the coordinate plane y = 0 is
£2-a2c2) = 0,   .................. (21)
Fig. 24.
representing a circle and an ellipse (Fig. 24). That the sections by each of the principal planes would be a circle and an ellipse might have been foreseen independently of a general solution of the envelope problem. The forms of the sections prescribed in (21) and the two similar equations are sufficient to determine the character of the wave-surface, if we assume that it is of the fourth degree, and involves only the even powers of the coordinates. It was somewhat in this way that the equation was first obtained by Fresnel.
If two of the principal velocities, e.g., a and b, are equal, (20) becomes
(a2 + 7/2 + z2 - a2) (a2a2 + a?f + c2^2 - a2c2) = 0, . . .(22)
so that the wave-surface degenerates into the Huygen-
ian sphere and ellipsoid of revolution appropriate to a
uniaxal crystal.    The two sheets touch one another at the points sc = 0, y= 0,
z — ± a.    If c> a, as in Iceland spar, the ellipsoid is external to the sphere.
On the other hand, if c < a, as in quartz, the ellipsoid is internal.
We have seen that when the wave-front is parallel to the circular sections of (3), the two wave- velocities coincide. Thus in (7), if a2, Z>2, c2 be in descending order of magnitude, we have m = 0, v = b ; so that
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.(23)e direct investigation of the wave-surface from (4) and (7) was first effected by Ampere, but his analytical process was very laborious. Fresnel had=l^,          £ = c2£.    ...............(2)
